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Introduction
Flexible manipulators have several advantages over rigid robots: they require less material, are lighter in weight, consume less power, require smaller actuators, are more maneuverable and transportable, have less overall cost and higher payload to robot weight ratio [1] . These types of robots are used in a wide spectrum of applications starting from simple pick and place operations of an industrial robot to micro-surgery, maintenance of nuclear plants and space robotics [2] .
Due to the flexible nature of the system, the dynamics are highly non-linear and complex. Problems arise due to lack of sensing, vibration due to system flexibility, imprecise positional accuracy and the difficulty in obtaining accurate model for the system [3] . Moreover, the complexity of this problem increases when the flexible manipulator carries a payload. Practically, a robot is required to perform a single or sequential task such as to pick up a payload, move to a specified location or along a pre-planned trajectory and place the payload. Previous investigations have shown that the dynamic behaviour of the manipulator is significantly affected by payload variations [4] . The main goal on the modeling of flexible link manipulator is to achieve an accurate model representing the actual system behaviour. It is important to recognize the flexible nature and dynamic characteristics of the system and construct a suitable mathematical framework. The numerical analysis methods that are utilized include finite difference and finite element methods. Both approaches have been used in obtaining the dynamic characterization of singlelink flexible manipulator systems incorporating damping, hub inertia and payload [5] . Performance investigations have shown that the finite element method can be used to obtain a good representation of the system [3] . De Luca and Siciliano [6] have utilised the AMM to derive a dynamic model of multilink flexible robot arms limiting to the case of planar manipulators with no torsional effects. The models also derived using combined Eular Lagrange and AMM for various payload profiles [7] .
There is great interest in the development of control strategies for use with flexible link manipulators at present. The difficulties of flexible manipulator control are exacerbated by the fact that control inputs as well as external disturbances induce flexural vibrations in the manipulator structures. However, the complexity of the modelling process increases dramatically as compared to the case of a single-link flexible manipulator. Yang and Sadler [8] and Dogan and Istefanopulos [9] have developed the finite element models to describe the deflection of a planar two-link flexible robot manipulator. On the other ways, Han et al. [10] using model reference adaptive control with PD (MRAC-PD) gain to keep certain relationship which is defined as synchronization motion of the two-link mechanism. In order to guarantee a desired tracking performance, a time-variable and time-coefficient of the reference trajectory is used model predictive control [11] .
This paper presents the dynamic modeling and control of a flexible link robot manipulator. System responses namely hub angular position response, end-point displacement, end-point residual and hub velocity are evaluated. The work presented forms the basis of design of a suitable control method for flexible link manipulator systems using a LQR robust control. This controller is used to achieve of high-precision input tracking capability. The LQR robust controller design maximizes the control performance guaranteeing a good precision when regulating the tip position of the flexible link manipulator in the presence of parameter uncertainties [12] and [13] . Figure 1 shows a structure of flexible link manipulator system considered in these investigations. The link is cascaded in a serial fashion and is actuated by rotor and hub with individual motor. The link has length l with uniform mass density per unit length ρ. The link is clamped at the rotor of the motor. E and I represent Young modulus and area moment of inertia of both links respectively. X 0 Y 0 is the inertial co-ordinate frame, XY is the rigid body coordinate frame associated with the link. θ is the angular positions and ) , ( t x w is the transverse component of the displacement vector. The physical parameters of the flexible link manipulator system m h is the mass considered at the motor which is located in clamped with motor, I h is the inertia of the motor and hub. The input torque, τ (t) is applied at each motor and G is the gear ratio for the motor. Link and motor are considered to have the same dimensions.
Research Method

The Dynamic Modeling of a Flexible Link Manipulator
The total displacement ) , ( t x y of a point along the manipulator at a distance x from the hub can be described as a function of both the rigid body motion ) (t θ and elastic deflection ) , ( t x w measured from the line OX as
Using the standard FE method to solve dynamic problems, leads to the well-known equation The manipulator is approximated by partitioning it into n elements. As a consequence of using the Bernoulli-Euler beam theory, the FE method requires each node to possess two degrees of freedom, a transverse deflection and rotation. These necessitate the use of Hermite cubic basis functions as the element shape function. Hence, for an elemental length l , the shape function can be obtained as
where 
as a local variable of the th n element, where i l is the length of the th i element, the kinetic energy of an element n can be expressed as taken from (Martins [3] ). the desired dynamic equations of motion of the system can accordingly be obtained as
LQR Controller
Linear quadratic regulator (LQR) is a technique in modern control in which uses statespace approach to analyze such a system. MIMO design approach is the optimal control method LQR. The idea is to transfer the designer's iteration on pole locations as used in full state feedback to iterations on the elements in a cost function, J. This technique determines the feedback gain matrix that minimizes J in order to achieve some compromise between the use of control effort, the magnitude, and the speed of response that will guarantee a stable system. Using state-space methods it is relatively simple to work with a multi-output system. The system can be stabilized using full state feedback. The schematic of LQR of control system is shown in Figure 2 .
For the given system,
. Therefore, in order to minimize the performance index, equation (11) should be satisfied.
where Q and R are the positive-definite Hermitian or real symmetric matrix. In addition to the state-feedback gain K, lqr returns the solution S of the associated Riccati equation as shown in (12).
Matrix K can be derived from S by equation (11) ) ( 
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In designing LQR controller, LQR function in matlab m-file can be used to determine the value of the vector K which determines the feedback control law. This is done by choosing two parameter values, input (R)=1 and Q=C'xC where C is from state equation in (8) . The controller can be tuned by changing the nonzero x and y elements in Q matrix which is done in m-file code.
Results and Discussion
The dynamic model of flexible link manipulator has been presented. The physical parameters of the manipulator are given near similar as taken from [6] with attached Payload inertia max I p =0.0025 kgm 2 and payload mass max M p =0.5 kg. In this study, the damping ratios were assumed as 0.0086 and 0.01 for vibration modes 1 and 2 respectively. Table 1 summarises the parameters of flexible link manipulator. Otherwise, close loop system using a step input position in radian allowing the manipulator. The output responses of the manipulator are taken from both angle rotation, modal displacement, end point residual and hub velocity.
In this section, simulation results of the dynamic and LQR control of the flexible link manipulator system are presented in the time domains. System responses are monitored for duration of 5 s, and the results are recorded with a sampling time of 10 ms. The input system uses a step input of 1 rad. Three system responses namely the angular positions, modal displacement and hub velocity at link are obtained and evaluated. In this study, the LQR design is performed in two steps, firstly LQR1 with gain Q=C*C', which produces the result that should be improved. The next step, is improved to LQR2 with gain Q=diag(size(C)). Table 2 . It is also noted with the LQR2 control, the system exhibits faster settling times and lower overshoots for link as compared to PID control. For the overshoot, LQR2 robust control provides more than two-fold improvements for link. It is noted that the magnitudes of vibration of the end-point displacement responses decrease using LQR2 compared with PID control. With LQR robust control, the maximum magnitudes of the responses were 2.23 mm and 0.68 mm for LQR1 and LQR2 respectively. On the other hand with PID control, the maximum magnitudes were 4.77 mm. In addition with the robust controller, the displacements converge to zero faster than the response with the ZN-PID control. Table 3 summarises the modal displacement responses. Figure 5 shows the end-point residual responses of the system obtained with LQR robust control and PID control exercises. With LQR1 and LQR2 robust control show that the vibration occurs at -0.18 mm to 2.13 mm and 0.00 mm to 1.22 mm respectively. Otherwise, the end-point residual response with PID was obtained at -0.79 mm to 2.78 mm. It is also noted with the LQR2 control, the system exhibits lower amplitudes of vibration for link as compared with PID control. Table 4 summarises end-point residual responses for flexible link using LQR robust control and PID control. Figure 6 shows the hub velocity responses obtained with LQR robust control and PID control exercises. With LQR1 and LQR2 robust control show that the vibration occurs at -5.53 rad/s to 1.63 rad/s and -2.10 rad/s to 0.29 rad/s respectively. Otherwise, the hub velocity response with PID was obtained at -16.80 rad/s to 10.13 rad/s. It is also noted with the LQR2 control, the system exhibits faster moving to zero velocity for link as compared with PID control. Table 5 summarises hub velocity responses for flexible link using LQR robust control and PID control. 
Conclussion
The development of dynamic model and LQR robust control of flexible link manipulator has been presented. Implementations and results with simulation exercises of LQR controller for position control a single-link flexible manipulator have been presented. Initially, a PID controller has been developed for control of a flexible link manipulator. A LQR robust controller has been implemented for input tracking control capability of hub angular position response, end-point displacement, end-point residual and hub velocity of the flexible link manipulator. Performance of the control schemes have been evaluated in term of the input tracking capability, end-point displacement, end-point residual and hub velocity and robustness of the flexible link manipulator as compared with PID control. Simulation results have shown that both controllers are able to meet the desired hub angular positions for link under all conditions. However, the PID controller need to be re-tuned to find new PID gains for each condition whereas the new gains obtained with the LQR approach can be used for all cases. This is an advantage of the proposed robust LQR control. Moreover, the LQR robust controller has been shown to provide better performance as compared to the PID controller. LQR robust controller gives faster settling times and less overshoot for the hub angular position response, and lower displacement for links. These results will be verified on the hardware experimental work for future work.
